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Two Random Variables

Ki = Number of errors occurred after observing the ith bit.

Initially  Pr[E] =0.2 and Pr[Ec]=0.8

Need joint probability to describe occurrence of two rv’s.

Discrete random variables K1 and K2.

(0.8)(0.9)=0.720 0
(0.8)(0.1)=0.080 1
(0.2)(0.4)=0.081 1
(0.2)(0.6)=0.121 2

K1 K2      probability
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(0.8)(0.9)=0.720 0
(0.8)(0.1)=0.080 1
(0.2)(0.4)=0.081 1
(0.2)(0.6)=0.121 2

K1 K2      probability
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1 2 1 2, 1 2 1 2f [ , ] f [ ] f [ ]K K K Kk k k k= ⋅

Independence for Random Variables

Are these rv’s independent?

Two rv’s are independent iff

0
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Conditional PMF

Relations:

Definition: [ ]
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Bayes’ Rule for  PMF’s

Check this out for the present example!
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Two Random Variables

Continuous random variables.

Consider two random variables, X1, X2

Joint pdf
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F x x
f x x
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CDF and PDF
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Properties of Joint pdf

1.

2.

Note:  Equivalent discussion on the same lines exists for discrete  
random variables.

( ) ( )
1 2 1 2, 1 2 1 2 , 1 2, 1, , 0X X X Xf x x dx dx f x x

∞ ∞

−∞ −∞
= ≥∫ ∫

[ ] ( )

[ ] ( )
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b b

X Xa a
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3.
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( )
1 2 1 2,X Xf x x
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Interpretation of joint PDF as probability:

[ ] ( )
1 21 1 1 1 2 2 2 2 , 1 2 1 2Pr , ,X Xa X a a X a f a aδ δ δ δ< ≤ + < ≤ + ≅
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Marginal pdf’s

( ) ( )

( ) ( )

1 1 2

2 1 2

1 , 1 2 2

2 , 1 2 1

,

,

X X X

X X X

f x f x x dx
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−∞

∞

−∞
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=
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Note that:

( ) ( )
1 21 1 2 2 1X Xf x dx f x dx
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−∞ −∞

= =∫ ∫
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( )
1 2 1 2,X Xf x x

x2

x1

( )
1 1Xf x

X1

Interpretation of marginal pdf as a projection: 
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1 1 21 , 1 2 2,X X Xf x f x x dx
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−∞
= ∫
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Example:

(a)  Find c
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Example: (continued)

(b)  Find ( )
1 1Xf x

(c)  Find ( )
2 2Xf x
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Properties of Joint cdf

1.

2.  Marginal cdfs

3.  If a1 > a2 and b1 > b2

⇒ monotonically non-decreasing function

( ) ( ) ( )
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Properties of Joint cdf (continued)

4.

5. [ ] ( ) ( )
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Example:

Find the joint cdf.

Case i x1 < 0  or x2 < 0  or both x1, x2 < 0

( ) [ ] ( )1 2

1 2 1 2, 1 2 1 1 2 2 , 1 2 2 1, Pr , ,
x x

X X X XF x x X x X x f z z dz dz
−∞ −∞

= ≤ ≤ = ∫ ∫

( )
1 2, 1 2, 0X XF x x =
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(v)(iii)

(iv)(ii)(i)

(i) (i) 1

2
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⎩
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=
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2121

xx
xxf XX
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Case ii 0 ≤ x1 ≤ 1,  0 ≤ x2 ≤ 2

Case iii 0 ≤ x1 ≤ 1,  x2 > 2

Case iv x1 > 1,  0 ≤ x2 ≤ 2

Case v x1 > 1, x2 > 2

x2
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Independence of Random Variables

Two random variables X1 and X2 are said to be independent if

or

( ) ( ) ( )
1 2 1 2, 1 2 1 2

1 2

,

for all ,
X X X Xf x x f x f x

x x

=
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X X X XF x x F x F x

x x

=
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Example:

(a)  Are X1, X2 independent?
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Example:

( )
( )1 21 2

1 2

1 2
, 1 2

1 0, 0,
0 otherwise

ax bxax bx

X X
e e e x xF x x

− +− −⎧ − − + ≥ ≥⎪= ⎨
⎪⎩

(a)  Determine the marginal cdfs

( ) ( )
( ) ( )

1

1 1 2
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2 1 2

1 1 1

2 2 2

, 1 0

, 1 0
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X X X
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X X X
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−

−

= ∞ = − ≥

= ∞ = − ≥

(b)  Obtain the marginal pdfs from (a)

( ) ( )

( ) ( )

1 1

1

2 2

2

1
1 1

1

2
2 2

2

0

0

X ax
X

X bx
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dF x
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dx
dF x

f x be x
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−

−
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Example: (continued)

(c)  Are X1, X2 independent?  Use cdfs

( ) ( ) ( )
( ) ( ) ( )

1 2 1 2

1 21 2 1 2

?

1 2 1 2,

1 1 1
X X X X

ax bxax bx ax bx

F x x F x F x

e e e e e− +− − − −

=

− − + = − −

(d)  Determine their independence using pdfs

( ) ( )

( ) ( ) ( )

1 2 1 2

1 2

1 2 1 2

1 2 1 2

1 2
1 2 1 2

1 2
?

1 2 1 2

, 0, 0

,

X X ax bx
X X

X X X X

ax bx ax bx

F x x
f x x abe e x x

x x

f x x f x f x

abe e ae be

− −

− − − −

∂
= = ≥ ≥

∂ ∂

=

=

Yes, they are independent

Yes, they are independent
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Conditional pdf

Note that:

( ) ( )
( )

( ) ( )
( )

1 2

1 2

2

1 2

2 1

1

, 1 2
| 1 2

2

, 1 2
| 2 1

1

,

,

X X
X X

X

X X
X X

X

f x x
f x x

f x

f x x
f x x

f x

=

=

Given two random variables X1 and X2, we can write the following
conditional density functions:

( ) ( )
1 2 1 2| 1 2 1 | 1 2 21 while ???X X X Xf x x dx f x x dx

∞ ∞

−∞ −∞

= =∫ ∫
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Interpretation of conditional pdf as a slice through the joint pdf: 

( )
1 2 1 2,X Xf x x

x2

x1

slice at

X1

( ) ( )
( )

1 2

1 2

2

0
1 20

1 2 0
2

,X X
X X

X

f x x
f x x

f x
=

0
2x

0
2x
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Example:

Find conditional pdfs
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Bayes’ Rule for densities

we have:

Given two random variables X1 and X2, we can write the following:

Now since:

)(
)()|(

)|(
2

112|
21|

2

112

21 xf
xfxxf

xxf
X

XXX
XX =

( ) 1112|1212 )()|(),(
112212
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==
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)()|(

)()|(
)|(
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∫
∞
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=
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Example:
Given a conditional pdf and the marginal pdfs:
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Find the inverse conditional pdf using the Bayes’ rule:
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1st and 2nd Order Moments for Two Random Variables

[ ] ( )
1 2 1 2 1 2, , 1, 2i i i X Xm E X x f x x dx dx i

∞ ∞

−∞ −∞
= = =∫ ∫

[ ]2 2Var ( ) 1, 2i i i iX E X m iσ ⎡ ⎤= = − =⎣ ⎦

mean

variance

correlation

Cov , ( )( ) , 1, 2ij i j i i j jc X X E X m X m i j⎡ ⎤ ⎡ ⎤= = − − =⎣ ⎦ ⎣ ⎦

covariance

[ ] ( ) 2,1,, === ∫ ∫
∞

∞−

∞

∞−

jidxdxxxfxxXXEr jijiXXjijiij ji
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Correlation/Covariance Relations

[ ]Cov ,i j i j i jX X E X X E X E X⎡ ⎤ ⎡ ⎤ ⎡ ⎤= − ⋅⎣ ⎦ ⎣ ⎦ ⎣ ⎦

ij ij i jc r m m= −

[ ] [ ] [ ]1 2 1 2E X X E X E X=

If  Cov[Xi,Xj] = 0  then Xi and Xj are said to be uncorrelated.

Note that in this case

(If E[XiXj] = 0, the random variables are said to be orthogonal.)
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More Relations for Two Random Variables

[ ] ( )

( ) ( )

[ ] ( ) ( ) [ ] [ ]

1 2

1 2

1 2

1 2 1 2 1 2 1 2

1 2 1 2 1 2

1 2

1 2 1 1 1 2 2 2 1 2

1 2

,

( since , are independent )

and are

X X

X X

X X

E X X x x f x x dx dx

x x f x f x dx dx

X X

E X X x f x dx x f x dx E X E X

X X uncorrelated

∞ ∞

−∞ −∞
∞ ∞

−∞ −∞

∞ ∞

−∞ −∞

=

=

= =

∴

∫ ∫
∫ ∫

∫ ∫

Independent random variables are uncorrelated:

Proof:

vice versa is not true (except for 
Gaussian random variables)
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Summary of Correlation Relations

• X1 and X2 are uncorrelated if   Cov [X1, X2] =0

[ ]1 2 0E X X =

• X1 and X2 are orthogonal if 

• The correlation coefficient of X1 and X2 is defined as

( )( ) [ ]
1 2 1 2

1 1 2 2 1 2Cov ,

1 1

X X X X

E X m X m X X
ρ

σ σ σ σ

ρ

− −⎡ ⎤⎣ ⎦= =

− ≤ ≤
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Bivariate Gaussian PDF (Joint Gaussian density function)

( )
1 2 1 2,X Xf x x σ1

x2

σ2

(m1, m2)

x1

x2

x1

1 2 1 2 2
1 2

2 2
1 1 1 1 2 2 2 2

2 2 2
1 1 2 2

1( , )
2 1

( ) ( )( ) ( )1exp 2
2(1 )

X Xf x x

x m x m x m x m

πσ σ ρ

ρ
ρ σ σ σ σ

= ×
−

⎡ ⎤− − − −− − +⎢ ⎥− ⎣ ⎦

contour
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Bivariate Gaussian PDF,  cont’d.

Marginal densities

Conditional density

2

22

( )1( ) exp 1, 2
22i

i i
X i

ii

x mf x i
σπσ

⎡ ⎤−= − =⎢ ⎥
⎣ ⎦

1 2

2
1 2

| 1 2 22

( ( ))1( | ) exp
22

X X
x xf x x µ

σπσ
⎡ ⎤−= − ⎢ ⎥
⎣ ⎦

where

2 2 2 1
1 2 1 2 2

2

(1 ) and ( ) ( )x m x mσσ σ ρ µ ρ
σ

= − = + −
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Expectation of Two Random Variables (Random Vectors)

Let us use the compact notation

Mean of X (mean vector)

( ) ( )

( ) ( ) ( )

( ) ( ) ( )
1 2

1

2

1 2 1 2 1 2 1 2

2 1 vector, ,

, , ,X X

X
f F

X

E f d

E X X x x f x x dx dx

γ γ

γ γ

∞

−∞
∞ ∞

−∞ −∞

⎡ ⎤
= ×⎢ ⎥
⎣ ⎦

=⎡ ⎤⎣ ⎦

=⎡ ⎤⎣ ⎦

∫
∫ ∫

X X

X

X

X

x x

x x x

[ ] [ ]
[ ]

11 1

22 2

2 1 vectorX

E XX m
E E

E XX m
⎡ ⎤⎡ ⎤⎡ ⎤ ⎡ ⎤

= = = ×⎢ ⎥⎢ ⎥⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦

X = m
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Second moment (correlation matrix)

When the correlation of X1 and X2 is defined as

( )
1 2 1 2 1 2, , 1, 2; 1, 2ij i j i j X Xr E X X x x f x x dx dx i j

∞ ∞

−∞ −∞
⎡ ⎤= = = =⎣ ⎦ ∫ ∫

[ ]

[ ]
[ ]

1
1 2

2

1 1 1 2

2 1 2 2

2
1 1 2 11 12

2
21 222 1 2

T
X

X
E E X X

X

X X X X
E

X X X X

E X E X X r r
r rE X X E X

⎡ ⎤⎡ ⎤
⎡ ⎤= = ⎢ ⎥⎢ ⎥⎣ ⎦

⎣ ⎦⎣ ⎦
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

⎡ ⎤⎡ ⎤ ⎡ ⎤⎣ ⎦⎢ ⎥= = ⎢ ⎥⎢ ⎥⎡ ⎤ ⎣ ⎦⎣ ⎦⎣ ⎦

R XX
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Second central moment (covariance matrix)

where the covariance of X1 and X2 is defined as

( )( )Cov ,ij i j i i j jc X X E X m X m⎢ ⎥⎢ ⎥= = − −⎣ ⎦ ⎣ ⎦

( )( )

( ) ( )( )

( )( ) ( )

2
1 1 1 1 2 2

2
2 2 1 1 2 2

11 12

21 22

T
X X XE

E X m E X m X m

E X m X m E X m

c c
c c

⎡ ⎤= − −⎣ ⎦
⎡ ⎤⎡ ⎤− − −⎡ ⎤⎣ ⎦⎣ ⎦⎢ ⎥= ⎢ ⎥⎡ ⎤− − −⎡ ⎤⎣ ⎦⎢ ⎥⎣ ⎦⎣ ⎦
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

C X m X m

Notice that [ ]2 Var
iii X ic Xσ= =
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An important relation:

Proof:

ij ij i jc r m m= −

( )( )
[ ]

T
X X X

T T T T
X X X X

T T T
X X X X X X X

T
X X X

E

E E E

⎡ ⎤= − −⎣ ⎦
⎡ ⎤ ⎡ ⎤= − − +⎣ ⎦ ⎣ ⎦

= − − +

= −

C X m X m

XX X m m X m m

R m m m m m m

R m m

In component form:

(which we have seen before)

T
X X X X= −C R m m
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Bivariate Gaussian Random Variables    X1, X2

Let X1 and X2 be jointly Gaussian

( )
( )

2
1 1 1 1 2

2
2 2 1 2 2

cov ,
, ,

cov ,X X

X m X X
X m X X

σ
σ

⎡ ⎤⎡ ⎤ ⎡ ⎤
= = = ⎢ ⎥⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

X m C

Gaussian pdf for an N × 1 vector

( )
( )

( ) ( )11 2
1 22

1
2

T
X X XC

N
X

f e
Cπ

−− − −= x m x m
X X

For N = 2 and by letting 2 2 2
1 2 ,σ σ σ= =

( )
( )

2
1 2 2
2

1 2

1cov ,
1cov ,X

X X
C

X X
ρσ

σ
ρσ

⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦

( ) 2
1 2cov ,X Xρ σ=where
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(a)  Let N = 2, σ2 = 4, ρ = 0.8, mX = 0

( )
[ ]

( ) ( )2 2
1 1 2 2

1 2

1 2 2 2

1
2 2

11
1 2 1 2

2

1.6 2.88
1 2

1 2.4,

1 1 0.81 1
1 0.8 11.441

1 0.8 0.8
2.88

1,
4.8

X

X

T
X

x x x x
X X

x
x x x x

x

f x x e

σ ρ
ρ

ρσ ρ

π

−

−

− − +

= − =

− −⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥− −− ⎣ ⎦ ⎣ ⎦

⎡ ⎤
= − − + ⎢ ⎥

⎣ ⎦

=

C

C

x C x

( ) ( )2 2 2 2 2 2 21 2 1 2

1 2

21 1 12 2
1 2 2 2 22
, x x x x

X Xf x x e e eσ σ σ
π σ π σπσ

− + − −= = ⋅

Examples:

(b)  Let X1 and X2 be independent:  ρ = 0; also mX = 0, 2 2 2
1 2σ σ σ= =
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Functions of Two r.v.s

( ) ( )
( ) ( ) ( )

( )1

1 2,

g

g g X X

f J f x
−=

= =

=Y X x y

Y X

y y

Two r.v.s Single r.v.

( ) ( )

1 1

1 2
1 2

2 2 1 2

1 2

1,
,

x x
y y

J y y
x x J x x
y y

∂ ∂⎡ ⎤
⎢ ⎥∂ ∂⎢ ⎥= =
∂ ∂⎢ ⎥
⎢ ⎥∂ ∂⎣ ⎦

( ) dxJ y
dy

=

1

2

X
X
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

X 1

2

Y
Y
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

Y( )g ⋅
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X1, X2 are zero-mean, independent Gaussian r.v.s with a variance σ2

( )

( )

2 2 2 2
1 2

1 2

2 2 2
1 2

2 2
1 2

2
1 22

1 1,
2 2
1 , ,

2

x x
X X

x x

f x x e e

e x x

σ σ

σ

π σ π σ

πσ

− −

− +

= ⋅

= − ∞ < < ∞

Example:

Output random variables (cartesian to polar coordinates)

[ ]

2 2
1 2

1 2

1

, magnitude    
,

0, 2 , angletan

x x rr
x
x

θ πθ −

⎡ ⎤+ ≥⎢ ⎥⎡ ⎤
= ⎢ ⎥⎛ ⎞⎢ ⎥ =⎣ ⎦ ⎜ ⎟⎢ ⎥

⎝ ⎠⎣ ⎦
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( ) 2 22
2

1, 0, 0 2 .
2

r
Rf r r e rσ

θ θ θ π
πσ

−= ⋅ ⋅ ≥ ≤ ≤

Example: (continued)  

The joint density function of the output vector

( )

1

2

2 2

cos
sin

cos sin
, cos sin

sin cos

x r
x r

r
J r r r r

r

θ
θ

θ θ
θ θ θ

θ θ

⎡ ⎤ ⎡ ⎤
=⎢ ⎥ ⎢ ⎥
⎣ ⎦⎣ ⎦

−
= = + =

The inverse mapping is
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( ) ( ) 2 22
20 0

1,
2

1 0 2 Uniform r.v.
2

r
R

rf f r dr e drσ
θ θθ θ

π σ

θ π
π

∞ ∞ −= =

= ≤ ≤

∫ ∫

Example: (continued)  

The marginal density function of θ

The marginal density function of R

( ) ( ) 2 2

2 2

2 22
20 0

2
2

,
2

0 Rayleigh r.v.

r
R R

r

rf r f r d e d

r e r

π πσ
θ

σ

θ θ θ
πσ

σ

−

−

= =

= ≥

∫ ∫
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Y = X1 + X2Sum of two random variables

Determine the pdf of Y from its cdf

( ) [ ] [ ]
( )

( ) ( ) ( )

( )

( ) ( )

1

1 2

1

1 2

1 2

1 2

1 2

1 2 2 1

1 2 2 1

1 1 1

1 1 1

Pr Pr

,

,

,

Y

y x

X X

y xY
Y X X

X X

X X

F y Y y X X y

f x x dx dx

dF y df y f x x dx dx
dy dy

f x y x dx

f x f y x dx

∞ −

−∞ −∞

∞ −

−∞ −∞

∞

−∞
∞

−∞

= ≤ = + ≤

=

⎡ ⎤
= = ⎢ ⎥

⎣ ⎦

= −

= −

∫ ∫

∫ ∫

∫
∫

x2

x1

x
1 + x

2 = y

yY ≤

if X1, X2 are independent

Sum of two independent random variables:  The pdf of the sum is a
convolution of the component pdfs.
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X1, X2 are lifetimes of two light bulbs that are used sequentially.

( ) 0i

i

x
X i if x e xλλ −= ≥

Example:

( ) ( ) ( )
1 21 1 1Y X Xf y f x f y x dx

∞

−∞
= −∫

The pdf of Xi, i = 1, 2:

The combined lifetime of two light bulbs is :  Y = X1 + X2. 

Substitute for the pdfs of X1 and X2:

( ) ( )11
10

2 2
10

, 0

y y xx
Y

yy y

f y e e dx

e dx ye y

λλ

λ λ

λ λ

λ λ

− −−

− −

= ⋅

= = ≥

∫
∫

(Y is a 2-Erlang r.v.)
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Example:

( ) ( ) ( )
1 21 1 1Y X Xf y f x f y x dx

∞

−∞
= −∫

Consider the sum of two random variables Y = X1 + X2.  The pdf
is uniform [0, a] and               is uniform [0, b];  0 < a < b.( )

1 1Xf x ( )
2 2Xf x

Case 1 y < 0, fY (y) = 0

Case 2 0 ≤ y < a

( ) 10

1 1 1y

Yf y dx y
a b ab

= ⋅ =∫

1/afX1(x1)

a       x1

1/bfX2(x2)

b     x2



© M. Tummala & C. W. Therrien 2004

Case 3 a ≤ y < b

( ) 10

1 1 1a

Yf y dx
a b b

= ⋅ =∫

1/afX1(x1)

a       x1

1/bfX2(x2)

b     x2Case 4 b ≤ y ≤ a + b

Case 5 y > a + b

( ) [ ]1 1
1 1 1 1a

a

Y y b
y b

f y dx x a b y
a b ab ab−

−

= ⋅ = = + −∫

( ) 0Yf y =

fY(y) 

a

1/b

b a+b
y
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Sums of r.v.s

1 2 nY X X X= + + +

Let X1, X2, …, Xn be n random variables.  Let their sum be

Mean of Y

[ ] [ ] [ ] [ ]

[ ]
1 1 2

1 1

n n

n n

i i
i i

E X X E X E X E X

E X E X
= =

+ + = + + +

⎡ ⎤ =⎢ ⎥⎣ ⎦
∑ ∑
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Variance of Y (let n = 2 for simplicity)

( ) [ ] [ ]( )
( ) ( )( )

( ) ( ) ( )( )
( ) ( ) ( )

2
1 2 1 2 1 2

2
1 1 2 2

2 2
1 1 2 2 1 1 2 2

1 2 1 2

var

2

var var 2cov ,

X X E X X E X E X

E X m X m

E X m E X m E X m X m

X X X X

⎡ ⎤+ = + − −
⎣ ⎦

⎡ ⎤= − + −
⎣ ⎦
⎡ ⎤ ⎡ ⎤= − + − + − −⎡ ⎤⎣ ⎦⎣ ⎦ ⎣ ⎦

= + +

Generalizing, we have

( ) ( ) ( )1 2
1 1 1

var var cov ,
n n n

n i i j
i i j

i j

X X X X X X
= = =

≠

+ + + = +∑ ∑∑

Sums of r.v.s (cont’d)
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Variance for Uncorrelated Random Variables

If Xi and Xj are uncorrelated (i ≠ j), the covariance is zero:

Therefore

( )( ) ( )cov , 0i X j X i jE X m X m X X⎢ ⎥− − = =⎣ ⎦

( ) ( )1 2
1

var var
n

n i
i

X X X X
=

+ + + =∑

1 2 nY X X X= + + +

for uncorrelated r.v.’s

● Independent random variables are uncorrelated.
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IID Random Variables

[ ] [ ]1
1

n

n i X
i

E X X E X n m
=

+ + = =∑

Independent and identically-distributed (IID) r.v.s are mutually
independent and all have the same pdf/cdf.

Consider that X1, X2, …, Xn are IID, and each has a mean mX and
variance

Then 

2
Xσ

Since Xi and Xj are independent (i ≠ j), the covariance is zero:

As a result

( )( ) ( )cov , 0i X j X i jE X m X m X X⎢ ⎥− − = =⎣ ⎦

( ) ( ) 2 2
1 2

1 1
var var

n n

n i X X
i i

X X X X nσ σ
= =

+ + + = = =∑ ∑
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PDF of Sum of Two r.v.s

Let Y =  X1 + X2      where

X1 and X2 are independent random variables.

The moment generating function of Y is

( ) ( )

( ) ( )

2 1 2

1 2

1 2

1 2because and are independent

is X X sX sXsY
Y

sX sX

X X

M s E e E e E e e

E e E e X X

M s M s

+⎡ ⎤ ⎡ ⎤⎡ ⎤= = =⎣ ⎦ ⎣ ⎦⎣ ⎦
⎡ ⎤ ⎡ ⎤= ⇐⎣ ⎦ ⎣ ⎦

=

1 2
*Y X Xf f f=Therefore: 
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Generalization

Let X1 + X2, …, Xn be independent r.v.s

( ) ( )

( ) ( ) ( )

2

1 2

1 2

1 2

i n

n

n

n

s X X XsY
Y

sXsX sX

sXsX sX

X X X

M s E e E e

E e e e

E e E e E e

M s M s M s

+ + +⎡ ⎤⎡ ⎤= =⎣ ⎦ ⎣ ⎦
⎡ ⎤= ⎣ ⎦

⎡ ⎤⎡ ⎤ ⎡ ⎤= ⎣ ⎦ ⎣ ⎦ ⎣ ⎦
=

1 2 nY X X X= + + +

The moment generating function is

1 2
* * *

nY X X Xf f f f=

Since MY(s)       fY(y)⇔
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Example:

2 2 2 2
1 2 1 2andY n Y nm m m m σ σ σ σ= + + + = + + +

Find  fY(y).

( ) ( ) ( )2 22 2 22 1
2

i i ii i

i

x mj m
X X i

i

M j e f x e σω ω σω
π σ

− −− += ⇔ =

Let X1 + X2, …, Xn be independent Gaussian random variables with mi

and       .  Let Y = X1 + X2 + … + Xn, then2
iσ

The moment generating function converges only on the jω axis.
Therefore, let s = jω.  The resulting characteristic function of Xi is
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Then the characteristic function of Y is Y = X1 + X2 + … + Xn

( ) ( ) ( ) ( )
( ) ( )

1 2

2 2 2 2
1 2 1 2 2

n

n n

Y X X X

j m m m

M j M j M j M j

e ω ω σ σ σ

ω ω ω ω
− + + + + + + +

=

=

( )
( )

( )
( )

( )
( )

2
1 2
2 2 2
1 2

2

2

2

2 2 2
1 2

2

1

2

1
2

n

n

y

Y

y m m m

Y

n

y m

Y
Y

f y e

f y e

σ σ σ

σ

π σ σ σ

π σ

− − − −
−

+ + +

−
−

=
+ + +

=

By observation, we can write

The sum of independent Gaussian random
variables is Gaussian.

Example (cont’d):
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A New Random Variable  (Discrete)

Recall: [ ] ( )1 0k
Kf k p p k= − >

New:

Waiting time to mth discrete event.

[ ] [ ] [ ]* * *K K Kf k f k f k

[ ] ( )1 1
1

k mm
K

kf k p p
m

−−⎛ ⎞= −⎜ ⎟−⎝ ⎠
(Pascal or negative 
binomial)

(geometric)

Waiting time to first discrete event.

(m times)
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A New Random Variable  (Continuous)

Recall: ( ) , 0x
Xf x e xλλ −= ≤ < ∞

New:

Describes waiting time to mth event.

( ) ( ) ( )* * *X X Xf x f x f x

( ) ( )
( )

1

, 0
1 !

m
x

X

x
f x e x

m
λλ

λ
−

−= ≤ < ∞
−

(m-Erlang)

(exponential)

Describes waiting time to first event.

(m times)
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Example:  (4-Erlang)

Consider 4 components.  One is used while the others are spares. Lifetime
of each component is an exponential r.v. with an average lifetime of 1/λ = 2
months.  Find the probability that 4 components last more than 1 year.

Yi = lifetime of a component

X = Y1 + Y2 + Y3 + Y4, combined lifetime of 4 components 
used in sequence

[ ] [ ]
( )3

12 2

0

Pr 12 1 Pr 12 1 (12)

12 2
0.1512

!

k

k

X X F

e
k

−

=

> = − ≤ = −

= =∑

( ) ( )
( )

( )1 1

00

1 , 0
1 ! !

m kx m
u x

X
k

u x
F x e du e x

m k
λ λλ λ

λ
− −

− −

=

= = − ≤ < ∞
− ∑∫
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The Gamma Random Variable

pdf ( ) ( )
( )

1 0
0, 0

x
X

xx
f x e

α
λλ

λ
α λα

−
− ≤ < ∞

=
> >Γ

where ( ) 1

0
, 0z xz x e dx z

∞ − −Γ = >∫

( ) ( )1 !m mΓ = − if  m is a positive integer
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Special Cases of the Gamma RV

• Exponential.      Let α = 1

( ) , 0x
Xf x e xλλ −= ≤ < ∞

• m-Erlang.      Let α = m

• Chi-Square.      Let λ = 1/2,  α = k/2

( ) ( )
( )

1

, 0
1 !

m
x

X

x
f x e x

m
λλ

λ
−

−= ≤ < ∞
−

( )

( )2 1

22 , 0
2

2

k

x
X

x

f x e x
k

−

−

⎛ ⎞
⎜ ⎟
⎝ ⎠= ≤ < ∞

⎛ ⎞Γ⎜ ⎟
⎝ ⎠


